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We establish that the spin-3/2 AKLT model on the honeycomb lattice has a nonzero spectral gap.
We use the relation between the anticommutator of two projectors and their sum, and apply it to
related AKLT projectors that occupy plaquettes or other extended regions. We analytically reduce
the complexity in the resulting eigenvalue problem and use a Lanczos numerical method to show
that the required inequality for the nonzero spectral gap holds. This approach is also successfuly
applied to several other spin-3/2 AKLT models on degree-3 semiregular tilings, such as the square-
octagon, star and cross lattices, where the complexity is low enough that exact diagonalization can
be used instead of the Lanczos method. In addition, we also close the previously open cases in the
singly decorated honeycomb and square lattices.
I. INTRODUCTION
The question of the existence of a spectral gap above
the lowest energy state(s) plays a key factor in topo-
logical phases of matter and many properties of inter-
acting systems [1–3]. It is fundamentally related to
the Lieb-Schultz-Mattis theorem [4] and generalizations
thereof [5, 6] as well as the Haldane gapped phases [7],
where there is a symmetry in the system. A nonzero spec-
tral gap often implies exponential decay of ground-state
correlation functions [8]. The latter property implies the
former if the system is Lorenz invariant, but this is of-
ten not the case in condensed-matter physics. Affleck,
Kennedy, Lieb and Tasaki (AKLT) constructed a fam-
ily of two-dimensional spin models with isotropic spin-
spin interaction [9], generalizing their spin-1 chain [10],
now recognized as a paradigmatic example of a symmetry
protected topological phase. The ground state of the 2D
AKLT model on both the honeycomb and square lattices
display exponentially decaying correlations [9, 11]. How-
ever, the gappedness of the two models was not proved
rigorously for more than three decades.
Here, we close the loop by proving the existence
of spectral gap in the spin-3/2 AKLT models on four
2D Archimedean degree-3 lattices: honeycomb, square-
octagon, star and cross lattices. For the original spin-3/2
AKLT model, on the honeycomb lattice, the existence of
a spectral gap was independently established in a very
recent work by Lemm, Sandvik, and Wang [12] using
a different, also numerically-assisted, method. We also
show the gappedness of the hybrid AKLT models on the
decorated honeycomb and the decorated lattices, where
a spin-1 site is added to every edge of the undecorated
lattice. These two cases were left open in recent stud-
ies of AKLT models on decorated lattices [13, 14]. We
note that the AKLT models on the above lattices ex-
cept the honeycomb were not considered in the original
work, but they are as important as the honeycomb, as
all of them provide an example of symmetry protected
topological phases or Haldane phases, as well as utility
in realizing universal quantum computations using the
measurement-based approach [15–19].
Although the existence of the gap had not been proven,
numerical tensor-network methods were used to estimate
its value [20–22], which was shown to be of order 0.1 for
the honeycomb model. A combination of analytics and
numerics was recently used to show the spectral gap in
the AKLT hexagonal chain [23]. Consideration of deco-
rated lattices has recently led to analytic proofs of gaps
for 2D AKLT models on the decorated honeycomb lat-
tice [13], and later on the decorated square and other
lattices [14]. The latter two works left open the question
of whether AKLT models on the singly decorated hon-
eycomb and square lattices are also gapped, which we
demonstrate postively below.
II. CONSTRUCTING HAMILTONIAN TERMS
As in [13] and [14], and based on Lemma 6.3 of [24],
in order to establish the existence of a gap we first ex-
tend the support of individual Hamiltonian terms. To
explain this in a uniform manner, we should introduce
some notation. For some subgraph Γ of the full lattice
Λ,
• We let HΓ be the AKLT Hamiltonian defined on
that subgraph,
HΓ =
∑
e∈Γ
H(e), (1)
where, for an edge e, H(e) projects onto the max-
imum spin subspace of the two vertices which e
joins, which corresponds to the combined coordi-
nation number (z + z′ + 2)/2.
• We let ΨΓ be the AKLT construction on the sub-
graph Γ, obtained by taking the spin- z2 projector
on each vertex in Γ (represented as a rank-(z + 1)
tensor) and contracting with them the spin-singlet
2state on each edge in Γ. This leaves us with both
virtual and physical indices; we group the former
into a Hilbert space HΓvirt and the latter into a
Hilbert space HΓphys, so that we can write ΨΓ as
a linear transformation from HΓvirt to H
Γ
phys.
• We write the singular value decomposition ΨΓ =
VΓΣΓU
†
Γ, where we omit the trivial singular values,
i.e. the space HΓ that ΣΓ, VΓ, and UΓ act on is
truncated such that the latter is full-rank.
• With HΓ defined as such,
ΠΓ ≡ UΓU
†
Γ (2)
is the projector onto the image of ΨΓ, which ought
to equal the kernel of HΓ.
Then we will define new Hamiltonian terms, of the form
H˜i = 1Γi,phys − ΠΓi , by the subgraph Γi on which the
term is supported; in order to compare this to the original
AKLT Hamiltonian, we find a γ0 such that
∑
e∈Γi
1
ne
H(e) ≥ γ0H˜i, (3)
where ne is the number of i for which e ∈ Γi. (Note that
the frustration-freeness of the AKLT Hamiltonian allows
us to vary the coefficients of the terms comprising HΓ
without altering the ground space thereof.) In this case,
H =
∑
e∈Λ
H(e) ≥ γ0
∑
i
H˜i ≡ H˜ (4)
bounds the original Hamiltonian H with the new Hamil-
tonian H˜ .
Having done this, we complete the bound by squaring
the altered Hamiltonian: if, for some γ˜ > 0,
H˜2 ≥ γ˜H˜, (5)
then H˜ has a gap γ˜.
Since the H˜i are projectors, we can write
H˜2 =
∑
i,j
H˜iH˜j =
∑
i
H˜i +
∑
i6=j
H˜iH˜j (6)
≥ H˜ +
∑
〈i,j〉
{H˜i, H˜j} (7)
≥ (1 − ηz)H˜, (8)
where the sum in (7) is over “nearest neighbors” 〈i, j〉
such that Γi ∩ Γj 6= ∅, z being the (maximal) number
of nearest neighbors per term, and we define η to be the
maximal number such that
{E,F} ≡ EF + FE ≥ −η(E + F ) (9)
for all E = H˜i and F = H˜j nearest neighbors in the
above sense.
In [14], we determine the following properties which we
can use to simplify (9):
1. The η which is optimal in (9) for E = 1−ΠΓi and
F = 1 − ΠΓj , then it is also optimal for E = ΠΓi
and F = ΠΓj .
2. For η optimal in (9), we find that 1− η is the least
noninteger eigenvalue of E+F ; likewise 1+η is the
greatest noninteger eigenvalue of E + F .
3. If a projector A = UAU
†
A commutes with both E
and F , in addition to which EA = E, then the “re-
duced” operator U †A(E + F )UA has the same non-
integer eigenvalues as E + F .
The final element we need is the form of the projectors A.
We first note that, if Γ∩Γ′ = ∅, then, trivially, ΠΓ⊗1Γc
commutes with ΠΓ′ ⊗ 1Γ′c . More subtly,
Proposition 1 If Γ′ ⊂ Γ, then (ΠΓ′ ⊗ 1Γ\Γ′)ΠΓ = ΠΓ.
In addition to factorizing the physical space HΓphys
into H0 ≡ H
Γ′
phys and H1 ≡ H
Γ\Γ′
phys , we need to exam-
ine the interplay of virtual (bond) spaces. We can do
so in a straightforward way, by introducing an operator
X : HΓ
′
virt ⊗ H
Γ\Γ′
virt → H
Γ
virt which corresponds to con-
traction with the singlet on those pairs of indices which
represent the same edge, and which acts as the identity
on all other indices. Then we can write the AKLT con-
struction on Γ as
ΨΓ = X(ΨΓ′ ⊗ ΨΓ\Γ′). (10)
This implies, in particular, that the image of ΨΓ (and
therefore of ΠΓ) is a subset of the image of ΨΓ′ ⊗ 1Γ\Γ′
(and therefore of ΠΓ′ ⊗1Γ\Γ′). The relationship between
these projectors follows immediately. 
We then apply three simplifying projectors to E and
F , generated from the disjoint subgraphs L = Γi \ Γj ,
R = Γj \ Γi, and C = Γi ∩ Γj . That is, we use
U ′E ≡ (U
†
L ⊗ U
†
C)UE : HL ⊗HC → HE
U ′F ≡ (U
†
R ⊗ U
†
C)UF : HR ⊗HC → HF (11)
E + F 7→ U ′EU
′†
E ⊗ 1R + 1L ⊗ U
′
FU
′†
F (12)
For purposes below, we will also consider the set
Y = Γi ∪ Γj , which we mention here to note that the
edge set of Y is not guaranteed to contain all edges join-
ing the vertices of Y , in contrast to the other subgraphs
described above.
We further note that we can easily determine the di-
mension of this new spaceHΓ corresponding to the singu-
lar values of some ΨΓ. Looking at the collection of virtual
indices comprising HΓvirt, we group together those origi-
nating from the same site and symmetrize them, which
reduces their collective dimension from 2k to k+1. Then
the domain of the resulting space can be obtained as fol-
lows: for each vertex v ∈ Γ, let kv be the number of
“free” indices, that is, edges of Λ which terminate in v
3but which do not belong to the subgraph Γ. Then we
expect
dimHΓ =
∏
v∈Γ
(kv + 1). (13)
We can confirm equality on a case-by-case basis when
performing the singular value decomposition, and, when
doing so, the upper bound allows us to rule out the possi-
bility that positive singular values have been improperly
discarded due to being below machine precision.
Having completed these preliminaries, we will lay out
the three different ways we use these tensors to extract
the number η:
I Exact diagonalization: We construct E′ and F ′ ex-
plicitly and diagonalize E′ + F ′, whose eigenvalues
are in [0, 2]. As apparently-integer eigenvalues will
only be given up to machine precision, we confirm
the apparent eigenspace of 2 by noting that the 2-
eigenvectors of E + F should correspond to the im-
age of ΨY , and compare the apparent degeneracy of
2 with the expected dimension of this image. Then
we can obtain the greatest non-integer eigenvalue of
E′+F ′, which will equal 1+η. We use this method to
demonstrate the existence of the gap on the square-
octagon, star, and cross lattices.
II Iterative diagonalization with Π′Y : When HL⊗HC⊗
HR is too large for us to construct, and therefore
diagonalize, E′+F ′, we instead iteratively diagonal-
ize it after “shifting” the eigenspace of 2: We note,
again, that the 2-eigenspace of E + F should equal
the image of ΨY , or equivalently, that of E
′+F ′ will
equal the image of ΨY (UL⊗UC⊗UR). In particular,
the projector Π′Y will project onto the 2-eigenspace of
E′+F ′; therefore, as long as E′+F ′ has any eigenval-
ues in (1, 2), the greatest eigenvalue of E′+F ′−Π′Y
will be the greatest noninteger eigenvalue of E′+F ′,
i.e. 1 + η. Therefore, we can use Lanczos diagonal-
ization procedures (in particular, the high-precision
implementation provided by ARPACK) which select
the greatest-magnitude eigenvectors of a Hermitian
operator. We use this method to demonstrate the
existence of the gap on the singly-decorated square
and honeycomb lattices.
III Iterative diagonalization with Ψ′Y : When we cannot
explicitly construct Ψ′Y , and therefore cannot obtain
U ′Y , we can still apply Ψ
′
Y to vectors in HL ⊗HC ⊗
HR: in particular we can construct an operator ρY ≡
Ψ′†YΨ
′
Y in order to “shift” the image of Ψ
′
Y as above.
In particular, we may seek the greatest eigenvalues
of the following operators:
O1 ≡ −(E
′F ′ + F ′E′)
O2 ≡
5
2
(E′ + F ′)− (E′F ′ + F ′E′)− ερY (14)
where ε can be tuned as needed (we will choose a
value of 0.1). Identifying the eigenvalues of E′ + F ′,
(b)
FIG. 1. Above: Enlarged terms of the honeycomb lattice,
described below. Below: pairs of adjacent terms, overlapping
on hexagonal plaquettes. Blue, green, and red represent the
regions on which we apply the “simplifying” isometries UL,
UR, and UC , respectively.
as usual, by 1−α, the eigenvalues of O1 are α(1−α),
which is maximized by α = 12 : in particular, if η ≤
1
2 ,
then the greatest eigenvalue of O1 will be η(1 − η).
Meanwhile, for α 6= −1, the eigenvalues of O2 are
(α + 52 )(1 − α), which is maximized by α = −
3
4 .
In particular, if there are any α ∈ (−1,− 12 ), the
greatest eigenvalue of O2 will exceed 3; meanwhile,
if η < 12 , we ensure by subtracting a multiple of ρY
that the greatest eigenvalue of O2 is strictly less than
3. We use this method to demonstrate the existence
of the AKLT gap on the honeycomb lattice.
III. RE-PARTITIONING LATTICES
A summary of values of the key parameter η, relevant
dimensions, and other information is shown in Table I.
4A. The honeycomb lattice
To find plaquettes we can use to demonstrate the exis-
tence of the gap on the honeycomb lattice, we first tripar-
tition the dual lattice; call the resultant sets of plaquettes
A, B, and C. Then, as shown in Fig. 1, we assign for each
plaquette p ∈ A a subgraph Γp consisting of p and the
three neighboring plaquettes belonging to B. Then the
overlapping subgraphs consist of nearest neighbors of the
triangular lattice whose vertices are the elements of A; in
particular, each term overlaps with 6 other terms, so we
must find η < 16 . As shown, the overlapping subgraph C
will be a hexagon, whereas the outside subgraphs L and
R consist of nonintersecting hexagonal plaquettes joined
by a single edge. These allow us to reduce the dimension
of the space which E′ + F ′ acts on to
dimHC = 2
6
dimHL = dimHR = 2
10
dim(HL ⊗HC ⊗HR) = 2
26 (15)
Then we determine that η = 0.1445124916< 16 .
B. The [4.8.8] square-octagon lattice
The new terms we consider correspond to an edge di-
viding a given pair of octogonal plaquettes and the two
square plaquettes it connects. Here each such subgraph
overlaps with six others; uniquely among the lattices we
are considering, the overlaps between these subgraphs
have two different forms. We categorize these terms (Γi
and Γj) using the edges connecting the square plaquettes,
in that they can be either collinear (Fig. 2b, say i ‖ j) or
perpendicular (Fig. 2c, say i ⊥ j). We must then modify
(9) and (8) to read
{H˜i, H˜j} ≥ −η‖(H˜i + H˜j), i ‖ j
≥ −η⊥(H˜i + H˜j), i ⊥ j (16)
H˜2 ≥ (1− 2η‖ − 4η⊥)H˜. (17)
In particular, we need to demonstrate 4η⊥ + 2η‖ < 1.
We determine that η‖ = 0.1061446858 and η⊥ =
0.1589663310.
C. The [3.12.12] “star” lattice
Similarly to the square-octagon lattice, in considering
the “star” lattice we select subgraphs consisting of the
edge dividing a pair of dodecagonal plaquettes and the
two triangular plaquettes it connects. Now each such
subgraph overlaps with four others, and we find that η =
0.1110430220< 14 .
(a)
(b)
(c)
FIG. 2. Above: Enlarged terms of the square-octagon lat-
tice, corresponding to neighboring pairs of square plaquettes.
Below: overlapping terms for which the two octagon-octagon
edges are (b) collinear or (c) perpendicular.
D. The [4.6.12] “cross” lattice
In considering the “cross” lattice we select subgraphs
corresponding to hexagonal plaquettes, together with the
three adjoining square plaquettes. In this case each such
subgraph overlaps with three others, one for each square
plaquette. We find that η = 0.1997384500< 13 .
E. The honeycomb lattice with n = 1 decoration
We now consider the honeycomb lattice with one deco-
ration per edge. We break rotational symmetry and con-
sider each “horizontal” edge of the original honeycomb
lattice, connecting vertices v and w, together with the
decorations on each of the edges “above” v and w and
5(b)
FIG. 3. Above: Enlarged terms of the star lattice, correspond-
ing to neighboring pairs of triangular plaquettes. Below: pairs
of adjacent terms, overlapping on triangular plaquettes.
the full edge “below” each of v and w, producing the “H”
shapes shown in Fig. 5. Then each subgraph overlaps
with four others, at each of the four segments (half-edges)
at its boundaries. We find that η = 0.1530329085< 14 .
In combination with the results of [13] and [14], this
means we can claim conclusively that the AKLT Hamil-
tonian on the decorated honeycomb lattice is gapped for
all n > 0.
F. The square lattice with n = 1 decoration
We conclude by considering the square lattice with one
decoration per edge. We first bipartition the dual lattice
into sublattices A and B, and then further bipartition A
into A1 and A∈. The subgraphs we will consider will be
of two types, represented in blue and red above in Fig. 6,
rotated relative to one another by pi2 . The former consists
of a plaquette p ∈ A1 together with the two decorations
adjoining each of the upper-right and lower-left corners of
p. The latter consists of a plaquette q ∈ A2 together with
the two decorations adjoining each of the upper-left and
lower-right corners of q. Each of these subgraphs then
have four 3-vertex intersections with other subgraphs, at
each of the four corners of the original plaquette. We find
that η = 0.2203543174< 14 .
In combination with the results of [14], this means we
can claim conclusively that the AKLT Hamiltonian on
(c)
FIG. 4. Above: Enlarged terms of the cross lattice, corre-
sponding to hexagonal plaquettes and the adjoining square
plaquettes. Below: pairs of adjacent terms, overlapping on
square plaquettes.
the decorated square lattice is gapped for all n > 0.
IV. COMPLETING THE BOUND ON THE GAP
FOR THE HONEYCOMB LATTICE
In order to produce a bound on the gap of the
honeycomb-lattice AKLT lattice, we must bound the
original AKLT Hamiltonian relative to the altered Hamil-
tonian whose gap we have bounded directly, by finding
a bound γ0 as in (3). Here ne will be 3 for each edge
belonging to one of the plaquettes in dual sublattice B
and 1 otherwise. Since the total physical dimension sup-
ported on one of the chosen subgraphs, 418, is far above
our capacities, we instead bound γ0 using intermediate
partitions of the subgraph Γ. To make such an estimate
we will need to project out degrees of freedom much as
we have already done; but here we will use the following
construction:
• For a graph Γ, whose degrees of freedom factorize
according to the vertices of Γ as H =
⊗
v∈ΓHv,
• Suppose that we have a frustration-free Hamilto-
6Method η z˜ rankE rankE ∧ F dimHL dimHC dimHR Dtot
Square-octagon I 0.1061446858 2 26 28 24 24 24 212
I 0.1589663310 4
Star I 0.1110430220 4 24 25 23 23 23 29
Cross I 0.1997384500 3 26 28 26 24 26 216
Honeycomb III 0.1445124916 6 212 218 210 26 210 226
Honeycomb, n = 1 II 0.1530329085 4 2232 2333 233 6 2332 2734
Square, n = 1 II 0.2203543174 4 2432 2633 2432 233 263 21334
TABLE I. For each of the configurations considered, the extracted value of η; the number of intersections z˜ of the type that this
particular η applies to; the rank of the projectors on the graphs Γi and Γj , Γi ∪ Γj , L = Γi \ Γj , C = Γi ∩ Γj , and R = Γj \ Γi;
and the total dimension Dtot ≡ dim(HL ⊗HC ⊗HR) of the space on which the operators E
′ + F ′ act.
(b)
(b)
FIG. 5. Enlarged terms of the once-decorated honeycomb
lattice
nian defined as H0 =
∑
i ciPi (ci > 0), for a collec-
tion of projectors Pi supported on subgraphs gi ⊂ Γ
(which cover Γ), with 1−H˜0 the projector onto the
ground space of H0
• Consider a collection of isometries Uv : Hv → H
′
v,
corresponding to projectors Πv = UvU
†
v , such that,
(b)
(b)
FIG. 6. Enlarged terms of the once-decorated square lattice
7for all i such that v ∈ gi, then Πv(1−Pi) = 1−Pi
(noting that, in the cases of interest, this will be an
immediate consequence of the above Proposition)
• Let H1 = PH0P
† and H˜1 = PH˜0P
†, where P =⊗
v∈Γ U
†
v . Then
Proposition 2 If H1 ≥ γ1H˜1, then for
γ0 = min(γ1,min
i
ci), (18)
H0 ≥ γ0H˜0.
Note that, by construction, each “simplifying” projector
Πv commutes with each of the projectors Pi that com-
prise the Hamiltonian. Therefore, each Πv commutes
with H0 as well as with each other. Thus, we can mu-
tually diagonalize these operators: for an eigenvector ψ
of H0, with eigenvalue λ we can assume that ψ is an
eigenvector of each Πv as well. If there is a v such that
Πvψ = 0, then, for gi ∋ v, (1 − Pi)Πvψ = 0 implies
Piψ = ψ. In particular,
λ = 〈ψ|H0|ψ〉 ≥ ci ≥ γ0. (19)
Now suppose that Πvψ = ψ for all v ∈ Γ: in particular,
P
†
Pψ = ψ. Then Pψ 6= 0 is also an eigenvector of H1
with eigenvalue λ. In particular, if λ 6= 0 then λ ≥ γ1. 
We first consider plaquette projectors. We can exactly
diagonalize Hp,0, the sum over the edges of the plaquette
of the terms of the original Hamiltonian; in doing so we
determine that Hp,0 ≥ γpHp for γp = 0.3130520508, with
1 − Hp projecting out the ground space of Hp,0. Then
we can bound
H0 =
1
3
∑
B∋e∈Γ
H(e)+
∑
B6∋e∈Γ
H(e) ≤
γp
3
∑
B∋p⊂Γ
Hp+
∑
B6∋e∈Γ
H(e).
(20)
We now consider pairs of plaquettes, as in the sub-
graphs L and R pictured in Fig. 1, comprised of plaque-
ttes p and q joined by an edge e. Now
H ′0 =
γ[p]
6
Hp +
γ[p]
6
Hq +H
(e). (21)
We will apply the above Proposition to these three terms,
applied to a compressed graph Γ consisting of each of
the two vertices of e, the five remaining vertices of p
considered as one, and the five remaining vertices of q
considered as one. Maximally projecting down the phys-
ical spaces of these five-vertex groups, we determine a
bound for H ′0 compared with a combined two-plaquette
projector Hp−q,
γ[2p] ≤ min(γ
[2p]
1 ,
γ[p]
6
) = 0.02571076873 (22)
Thus we can write, for the three B-plaquettes {p, q, r},
H0 ≥ γ
[2p](Hp−q +Hq−r +Hr−p) ≡ γ
[2p]H ′′0 . (23)
Now we apply the above proposition again, to a three-
vertex graph whose vertices are the plaquettes p, q, and
r, and obtain
H ′′0 ≥ γ
[4p]H˜, (24)
for γ[4p] = 0.7784203312. Then we can write the overall
bound on the AKLT Hamiltonian as
γ[2p]γ[4p](1 − 6η) = 0.002660333395. (25)
V. NOTE ON PRECISION AND ACCURACY
In general, we have relied on ARPACK methods when
exact diagonalization has been available; these generally
afford us machine precision, which we confirm by affirm-
ing (E + F )ψ = (1 ± η)ψ to within less than 10−13. It
is for this reason that we report 10 digits of precision on
our (admittedly somewhat loose) bounds.
Due to time constraints, however, we have not em-
ployed full (machine) precision when performing the sec-
ond diagonalization step of Method III for the honeycomb
lattice, that is, finding the greatest eigenvalue of O2 as
defined by (14). (We note, for the sake of completeness,
that we apply the LM routine to this O2, shifting it by
a large constant in order to ensure that the operator re-
mains positive.) Having extracted the greatest eigenvalue
of O2 with tol parameter 10
−5, we confirm that, for λ
the eigenvalue and ψ the corresponding eigenvector,
|(E + F )ψ − 2ψ|+ |(EF + FE)ψ − 2ψ|
+ |ερψ − (3− λ)ψ| < 10−4. (26)
In particular, with λ = 2.97451085252, we can claim an
error of no more than 10−4, which keeps us well within
the λ < 3 that we need to confirm that E + F has no
eigenvalues within (32 , 2).
VI. CONCLUDING REMARKS
We have closed the open cases in previous works on
the spectral gap in AKLT models in decorated honey-
comb and square lattices. All these decorated models
have nonzero spectral gap, regardless of the number of
decorations n > 0. More relevantly, we have proved the
nonzero gap of the original AKLT model on the honey-
comb lattice, as well as those on three other degree-3
Archimedean lattices. The lower bound on the spectral
gap for the honeycomb case is 0.002550333395. During
the completion of this manuscript, we became aware of a
recent preprint [12], in which the gap of the AKLT model
on the honeycomb lattice is established, via a combina-
tion of analytics and numerical DMRG methods. The
spectral gap in spin-2 AKLT models on the square lattice
and other degree-4 lattices should be possible to attack
using our method. If the relevant effective matrix E′+F ′
to diagonalize is larger than the exact diagonalization
8method or Lanczos, then one may need to resort to other
numerical methods. We further note that our method
should apply in general to models constructed using the
so-called projected-entangled-pair-state (PEPS) formal-
ism, where the ground-space structure can be expressed
in terms of exact tensor networks and the parent Hamil-
tonian is usually expressed in terms of projectors [25].
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